Taylor expansions of eigenvalues of perturbed matrices with applications to spectral radii of nonnegative matrices  by Haviv, Moshe et al.
and 
3tiel G. Rothblum 
RUTCOR- Rutgers Center 
Rutgers Unbersity 
P.O.B. 5062 
ertdhs Research 
New Brunswick, New Jersey Q8903 
Submitted by Hans Schneider 
ABSTRACT 
Let A and B be two 12 X n ccmplex matrices, and let A be an eigenvalue of A. 
The purpose of this paper is to derive, under certain conditions, Taylor power series 
expansions of the form A +I$=&? and G,O~k~k, respectively, for eigenvalues 
and corresponding eigenvectors of the perturbed matrices A + sB for e that has 
sufficiently small absolute value. Our results apply to the case where A is a simple 
eigenvalue of A, e.g., when A is nonnegative and irreducible and A is the spe 
radius of A. In particular, if A + 
E and A is irreducible, we obtain 
perturbed matrices A + ~23 and 
sions yield explicit expressions fo 
radius and of a correspon 
when viewed as a hnction of the 
tive, resent a recursive 
above series. 
eigen ues l+ Eli2 and 1 - &l/2 with corresponding eigenvectors 
(1,e1’2)’ &d (1, - e1’2)TI res tively. In cular, neither of the eigenval- 
ues and a power series in 8. I neither of the eigenvectors 
r series 
is expressible by 
expansion of the eigenvalues and corre- 
eigenvectors under assumptions. The first assumption asserts 
semisimple ei ue of A (see Section 2 for definitions). The 
the 
given matrices U and V whose columns span, 
right eigenspace of A corresponding to A, 
nvalue; in fact, for each simple eigenvalue a of 
r series expansion A +z_&? with A, = 4x. 
ow that one can always obtain parametric 
s which have a power series expansion 
r 
of the 
of 8, e.g., e1/p for some positive integer p. So 
form A+ z_lAk~L/P for eigenvalues of the 
tional power series-are commonly caIled Puiseux 
which coefficients corresponding to 
seux series expansion of eigenvalues 
e that, under the assumptions 
sion in 4z. Still, 
uses rely on 
a recursive 
c senes ex 
semisimplicity of the s 
se, as is demonstrated 
The characteristic polynomial ) is (x-$-E 
l-&j2-E3, and its spectral =l+&+C2& 
0(e3), implying that it does not have a power series expansion in 
particular, in this example we can select the m 
first summarize some notation 
uce our algorithm and derive 
. S 
SO 
in Cm. 
e a semisimple 
columns fm 
(a) UTV is inuertibb, 
(b) if system Ax = b has a solution, 
e oectm Agb9 and 
(c) AW=O ad U 
t eigenvectors. Fu r, if the matrix is irre- 
us is a simple eige 
ese concerns 
let A and B be fixed to X n complex 
y possibly replacing A 
r goal in this section is 
ues of the perturbed 
assumptions. The first of 
ro is a semisimple eigenvdue of A. 
the left and right eigenspaces of A 
. e ei ue e eige e. 
expansions exist. 
an eigenvalue A(E) with ccrres ing eigenvector U(E) sire 
)u(E) = A(E)u(E) ad O(E) # (34 
As any scalar multiple of de) can replace i)(6) in (3.1), we may assume, 
out loss of gene 
plying power series, we th 
series representation of A( 
system: 
u. c. 
MS.1) is feasible, a 
t'0 =Y 
C S f- Yo a for an arbitfay uector 
Jl= 00 - 1 = 1 =-- 1, 
ere CC see 
the system consis 
2!?k-2 
nte 
Q. = 0. 
J -J 
j= ?***¶ -2 
a 
is feasible e genera 
k 
“k-1 =gk-I-- 3. 
k-l s 
e issue is to dets 
k-i= - 
ent to (3.5); h 
and 2.2 combine 
kYOr) +Yk-lr, 
Yk- 
k-2 
k 
= q-1, 
j=l 
3’ . ..) S 
zw, V@* ,..., 
k 
= 
k-jvj + k-l 
=- 
1- 0' 
E 93 )... 
k -2 
= 
k- -j 
+ ) ifik-4 
j=1 
e will nex y an i for = I,&... 
g-,,c ,,..., &_,,&, ;,&,...,& sa . (3 . 
=-=- / . 
ehe, recursively, 
k-2 
= 
k- + 
j=l 
I 87 
r 72 7... 
+ P-l P 
OD 
= 
p-2 
inequalities (3.16) and (3.13, we conclude 
es a constructive proof of 
76 V, ‘II. RITOV, AND U. C. LU 
on the input consisting 
when applied to the sequence 
At!) = 
J for j = 2,3,...,p. 
small absolute value, 
via convolutions. 
exe 
Ak = hk jib- k = 2,3,... (3.22) 
and 
k 
vk = Y’!?k-j* (3.23) 
j=O 
eorems 3.3 and 3.9 
efined identically to 
to 
m 
k 
= k= SC k = 
“f = 0 j-0 
m eorem 3.1 
m an execution of 
= 
E--j-l k-l 3. 
j=l 
k-2 
Ck z - 3. 
j=l 
Ok =wk- k+l* 3. 
= k-j 3.32) 
j==l 
2 
=- 
2 
=- 
1 
= 
% 
ea 
y (3. = ? 
+1 
k-2 
n X n real matrices such 
p(E) be the spectral radius of 
radius of P. The goal of this 
section and obtain power series 
rmute rows and corresponding columns, 
rbed matrices to block 
su&es to show 
that this assertion is 
h(Ek)# PC&k) for k = 1,2,... . 
r series expansion it 
(ak)‘bk = 0 [as P(Q) # h&J]. As the sequences (U(Q)/ I]u(qJI) and 
U4Q)/ IIM J 1 E i are bounded, they must have limit points, say a a 
respectively. It now follows from simple ntinuity arguments that 
b #O, aTP =pa’, Pb =pb, and aTb=O. particular, a and b are E 
eigenvector 
eigenvalue, mma 2.2 asserts 
indeed, A(E) = P(E) for sufficien 
The explicit representati 
expansion of p(e) now follow 
ext demonstrate that 
en viewed as a 
elusions of Theore 
nonzero element whit 
ec ives, 
= e j 
ji ( 
R. 
9 so $S 
+ 
ec e 
+ + 
PQ ij, + 
for every quin 
-1 
-1 
= - 
1 -l+2 
se 
-1 
cc- 
= -1 
-_i 
nex 
, for i = 1, llx’II = q = S 
for a pcrsitive i 
tion assumption, a 
-1 f -1 -1 
C?S r i= 
--i i- 
3 
accepted 26 rch 1991 
